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A half-immersed circular cylinder is making vertical oscillations on water of
finite constant depth. The virtual-mass and damping coefficients are studied in
the limit as the wavelength tends to infinity. It is found that the virtual-mass
coefficient tends to a finite limit and that the amplitude ratio ultimately varies
as the frequency. This behaviour differs from the behaviour for infinite depth,
where the virtual-mass coefficient tends to infinity and the amplitude ratio
ultimately varies as (frequency)2.

1. Introduction

In ship hydrodynamics it is customary to describe the hydrodynamic force on
a harmonically oscillating body by means of two dimensionless coefficients.
The force component in phase with the acceleration of the body is described by
the virtual-mass coefficient, the force component in quadrature with the acce-
leration by the amplitude ratio. In the present note we shall be mainly concerned
with the virtual-mass coefficient. For a half-immersed heaving circular cylinder
on water of infinite depth it has been shown (Ursell 1949) that the virtual-mass
coefficient tends to infinity as the frequency tends to zero, and for water of finite
depth the same conclusion was suggested by the numerical computations of Yu
& Ursell (1961; this paper will be referred to as Y). It has however been known
for some time that the virtual-mass coefficients given in Y contain errors; thus
Rhodes-Robinson (1970) found in his analytical treatment of the short-wave
limit that at high frequencies his results were in agreement with unpublished
computations by W. R. Porter but not with those in Y. More recently several
workers have obtained numerical results for low frequencies which differ from
the resultsin Y and also from each other, and which suggest that the virtual-mass
coefficient remains finite for finite depth.

In the present paper the virtual-mass coefficient will be investigated analytic-
ally for finite depth, when the frequency tends to zero while the radius and the
depth are kept fixed. Asin Y, a half-immersed circular cylinder will be treated,
and the potential will be expanded in terms of a complete set of harmonic func-
tions. (For infinite depth this expansion becomes the well-known expansion in
terms of a wave source and wave-free potentials.) The behaviour of these har-
monic functions will be investigated in the long-wave limit, and it will be shown
that one of them tends to infinity while the others tend to finite limits. (The
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18 F. Ursell

coefficients in the expansion also tend to finite limits.) The most important step
in the investigation is the determination of a certain finite limit. It will be shown
that the virtual-mass coefficient tends to a finite limit, given by equation (4.8)
below. A similar result may be expected for other cross-sections.

2. The form of the expansion

Asin Y, let the origin of co-ordinates be taken in the mean free surface of the
fluid, at the mean position of the centre of the heaving circular cylinder. Let the
x axis be taken horizontal and the y axis vertical (y increasing with depth). Let
a be the radius of the cylinder and h the mean water depth. Write x = rsin
and y = r cos 0. Then the velocity potential Re ¢(x, y) e~i* satisfies the equation
of continuity

2 2

(622 ;y )¢( ,¥) =0 inthefluidregion —w<z<o, 0<y<h, r>aq,
with the linearized boundary conditions

2

%96 +2§j K¢+a¢ = 0 on the free surface y =0, |z|>a, (2.1)

3¢/8y =0 on the bottom ¥y =h, (2.2)

d¢pjor = locos® onthe cylinder r=a, |0| < im (2.3)

(Here I, which is taken to be real, is the amplitude of oscillation of the cylinder.)

At infinity there is the radiation condition that waves travel outwards. The

wavenumber k is defined in the usual manner as the positive root of the equation
kyhtanh kyh = Kh; we observe that kyh is a function of Kk, and that

koh ~ (KR} as Kh—>0.

By symmetry it is sufficient to consider the region in which « > 0 (or equiva-
lently, in which 0 < 0 < Im). Then (as in Y) the potential is expanded in the

form w
¢ =lou|~Ay(F+if) + £ 0 Ay Fyntifn) | (2.4)
m=1
where
e » cosh k(h —y) cos kxdk 27i cosh kyh
Ftif == FRih Kcoshih ~ Zhght sinh 2kgh (ST Folh —9) cos ko,
(2.5)
cos 2n0 K cos(2n—-1)0
F2n+’bf2n = ren +2n_ 1 y2n—1
1 fw e *h(K + k) (K sinh ky — k cosh ky) k22 cos kx dk
T (@rn—1)! ksinh kh — K cosh kh
. on
27 kgr cosh ky(h —y) cos kyx (n=1,23.) (2.6)

(2n—— 1)! cosh kyh(2kyh + sinh 2%y h)
where :f: denotes the Cauchy principal value of the integral. Each term of the

expansion (2.4) satisfies the equation of continuity, the free-surface condition,
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the bottom condition and the radiation condition. The boundary condition (2.3)
on the circle is also satisfied if the coefficients 4, and 4,,, can be chosen such that

cosﬁ:—A0<a§r(F+if)> lazmA < +if2m)>, 2.7)

whenr = aand 0 < 8 < 7. Here and later, angular brackets are used to indicate
that 7 is to be put equal to a. It was shown in Y that the coefficients 4, and 4,,,
are uniquely determined by (2.7). The functions F, f, h®mF,  and h®"f, are
functions of Kr and 8, involving K% (or kyk) as a dimensionless parameter; the
coefficients 4, and 4,,, are functions of the dimensionless parameters K4 and a/k.

In the present work we are concerned with the behaviour of the potential (2.4)
when K% —0 while a/k remains fixed. For this purpose we must study the be-
haviour of the functions ¥, f, F,,, and f,,, as Kk — 0 [and the consequent behaviour
of the coefficients 4, and 4,,, determined by (2.7)]. From the expressions (2.5)
and (2.6) it is evident that

s n 7 (kya)®™
S~ TN (@ fom) ~ m_—(.?m—l)!’

and thus {f) becomes infinite in the limit, but it is not difficult to see that
{adf[ory = O(kyh) tends to zero. The functions {f,,> also tend to zero. The
limiting behaviour of the functions F and F,,, is more difficult to determine. It
is shown in the appendix that they tend to finite limit functions:

Fz,y)~ F(z,y) = Llog[2(cosh mx[h — cos my/h)], (2.8)

s (x )—>F (x )———1— E\me’(x ) 2.9
om\ > Y om\T, Y) = (2777,—1)' ay) s Y) ( . )
The limit functions ¥ and F,, satisfy the boundary condition F/dy = 0 on
y = 0 [instead of (2.1)] and also Laplace’s equation and the bottom condition
(2.2), together with the conditions

F—logr/h isbounded near r =0,

~

F,

om— T 2™ cos2m@ is bounded near r =0,

but these conditions do not determine # and %, uniquely since they allow arbi-
trary constants to be added. It does not seem possible to determine these con-
stants (which affect the virtual mass) except by applying a complicated limiting
operation to the solution for arbitrary k4.

3. The determination of 4, and A4,,, for arbitrary %2

We can rewrite (2.7) in the form

cosf = —A < > A, 2m>+ EQI< & cosh ky(h k)g cos k, @>,
m= 1

(3.1)
1 A, (kya)>™
; of — 2m
where A A°+cosh2k0bm:1 @m—1)] (3.2)
2 2
and B~ 2meoshioh g g (3.3)

2koh +sinh 2k 7 (
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It is not difficult to see that the last angular bracket in (3.1) tends to the finite
limit (a/k)cos? 26 — (afh) cos 8 as kgh— 0.
Let us consider the expansions

cosf = —B < >+ § a*™B,,. aa{vz"'> (3.4)
m=1
0 cosh ko(h—y) coskyx\ < oF °’ o <
and < (]\ k)2 >—-—CO GE' mC > 35

of the functions on the left in terms of the functions on the right. Evidently B,,,

and C,,, are real, and A,, = B,,—iEUC,,. (3.6)
1 © 2m
Let us write B = B°+cosh2 Tk 2}1 B;;";ffjal))! , (3.7)
_ 1 @ Cyulkoa)?™
¢= C°+cosh2k0hm_1 2m-1)!" (38)
Then, from (3.6), we have
A =B-EAC,
B B -EC)
whence A= T EC ~ 11 EGE
= B(1—iEC)/D, (3.9)
where D =1+ K% (3.10)

Thus, when B,, B,,,, C, and C,,, have been determined from (3.4) and (3.5), the
coefficients A, and 4,, are given by (3.6), where U is given by (3.9) and where
B and € are given by (3.7) and (3.8). It is then possible to find ¢ everywhere,
and in particular its value {¢) on the circle. The real part of {¢) is proportional
to the pressure component in phase with the acceleration of the circle, and it is
the vertical force derived from this component which is described by the virtual-
mass coefficient. The imaginary part of {¢) is proportional to the pressure com-
ponent in quadrature with the acceleration, and is thus related to the wave
amplitude at infinity.

We shall now express Re {¢) and Im {¢) in terms of B,,, and C,,. We know

from (2.4) that é )
Toa = -4, F+m§ a*m4,, F,. —iUf, (3.11)
where Ay = B, —tEUC,, = B,,,—tEBD (1 -iEC)C,,
—%GE sz—%(fzm (3.12)
and A =BDY(1—EC), |UA| = B/DL. (3.13)

On substituting (3.12) and (3.13) in (3.11) and taking real and imaginary parts
on r = a, we find that

Re <¢> B F+v(12mB 1"2”1 _EQEZ —COF+§:aom 2m* 2m B
s Catny, By - 22 ()

(3.14)

Im{ E38 .,
and l<7<a 2 = _TD—<—C°F+‘\T0J" 2,,,> 3 (). (3.15)
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At infinity

¢ 2micoshkyh
loa = 2kyh+sinh 2kyh

while the wave amplitude is 0g~!|¢| when y = 0, so the amplitude ratio is

o

cosh ko(h —y) exp (tky|x|) U = F, say,

_ 0% . _ 2mksasinhkyh
78190 = =~ 171 = Spoh s s 2kgh O kol ¥,
. . . msinh2kyh ’58}
ie. amplitude ratlo_mm o o’ (3.16)
from (3.13).

4. The limit of the potential for small kA

To find this limit we consider the behaviour of (3.4) and (3.5) for small k.
It is shown in the appendix that

F(x,y) = F(w y) +O(koh)?,
mey mey +0(kh)

D= () ou
(22 - (.

where F and F;m are defined by (2.8) and (2.9). It thus seems reasonable to
suppose (and it can be rigorously proved) that B,, = B,, +0(k,k)? and

= Oy + Okoh)2, where 7
cosf = —B < 3F> zmﬁm aaaz’"> (4.1)

and (%) cos 20 — (h) cosf) = —C < >+mz1 azmC,, ( a :’"> (4.2)

(It is not difficult to show that the left-hand side of (4.2) is the limit of the left-

hand side of (3.5).] These equations no longer involve kyk. Tt also follows that

B = By+0(koh)2, € = Cy+O(kyh)? and D = 1+ O(kyk)2 Thus, neglecting (kyh)?
in (3.14), we find that

2 - < ~B,F + 21“2"‘E2mf’2m>+%ﬂ23000 +0(koh):  (4.3)
= (B(x,y)) + 1n2B, Cy + O(ky ),

where Ba,y)=-B,F + § aZmEZmFZm. (4.4)

The constants B, and €, can be found exphcltly, for the expansions of {adF[or)
and (a(')p,m/(')r> in Four1er series (obtained from equations (A 17) and (A 19)
in the appendix) show that

m> a6 = 0.

e [
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i ~
Thus, on applying the operator f ...d0 to (4.1) we find that 1 = - nB,, i.e.
A O A~
that B, = —2/n. Similarly, it is found from (4.2) that C, = 2a/nk; thus
Re(@dfloa = (B(x,y)>—afh+ O(kyh)2. (4.5)
Also, from (3.15),
Im(g)fioa = — By f(1+0(k,h))
~ (kgh)™X (1 4 O(koh)?), (4.6)
which tends to infinity as k32— 0. And from (3.16) the amplitude ratio is seen to
be 1(Jy@) | Byl (1 +0(kgh)?) = (ko) (1+ O(kyh)2) (4.7)
The virtual-mass coefficient is defined as the ratio
-0 Y Re{p>acos8di[ina®o?
_é”

b
=_%f (B(asin&,acos@)—%)cos0d6+0(k0h)2. (4.8)
0

These results may be compared with the well-known corresponding results for
infinite depth when Ka— 0 (with the corresponding potential denoted by ¢,):

Re{¢w) _ 2 Im{d.) _
e = S lor g+ O, T = 2 v,
amphtude ratio ~ 2Ka,

. . 8 1
virtual-mass coefficient = — log %ot O(1).

The additive constant in the potential may also be found by an application of
Green’s theorem to the harmonic functions ¢ and ¢ = F+:¢f in the region
occupied by the fluid. We have

oo,

where the integral is taken along the complete boundary closed at infinity. The
boundary conditions satisfied by ¢ and ¢ show that the integrand vanishes
along the free surface and the bottom, also there is no contribution from infinity,
where both ¢ and ¢ satisfy radiation conditions. Thus only the contribution
from the circle r = a remains, i.e.

[epaetoyme

On the circle r = a we have

(G ={F>+i{f)= <F Y—tm[2kyh + O(kyh), (4.10)

< > < 8F> Yink, h{( ) cos20—%cos¢9:+0(k0h)2, (4.11)

(oglory = loaleB/er) = lo cos 0, (4.12)
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these are known results from the expression for ¥ and from the boundary condi-
tion. The form of (¢) is given by (4.3) and (4.4):

($) = loacB(x, y)) +clkoh) + Okoh), (4.13)
where c(k, k) is independent of 6. In fact we see that
c(koh) = (koh) ™ p +q+O(kyh), (4.14)

where p and ¢ are constants. Alternatively it would be reasonable to assume
the forms (4.13) and (4.14) since substitution in (4.9) shows that c(kyh) must
increase at least as fast as (k k)71, The constants » and ¢ can be found by sub-
stituting (4.10)-(4.13) in (4.9). We thus obtain

B R

(4.15)

+qf%< >d0 iﬂpfj”{(%) cos 20 — —cosﬁ}d0+0(k k), (4.16)

where all the integrals are independent of kyh. We now observe that

in .
f <§———F?§ adf = 0, (4.17)

v o
and that f;f <”>d0 f < >d0_1 (4.18a, b)
0

Let us, for instance, consider (4.17). By Green’s theorem we have
f(Ba—E_FaB> ds = 0,

where the integral is taken along the boundary of the fluid. The integrand vanishes
along the free surface and the bottom, where aF/éy = 0 and éBJoy = 0, and
also at infinity since B(x,y) has the form (4.4) and the terms 1nvolv1ng
vanish at infinity. (It is at this point that we use the normalization of B(x, y)
by the correct additive constant.) The result (4.17) follows. Equation (4.18a)
expresses the source strength of F, while (4.18b) follows from the boundary
condition satisfied by Bz, y) on the circle r = a. We can now conclude that
(4.15) and (4.16) both vanish, whence it follows that

p=—1i, gq= —alh.

Thus Re (¢Y/loa = (B(x,y)>— alh +0(kyk), in agreement with (4.5), which shows
that the last term is in fact O(ky k)2

5. Discussion
We observe that the virtual-mass coefficient involves the harmonic function
E(x, y;a/k), which satisfies
adBjor = cos® on r=a 5.1)
and 33/33/ =0 on y=~h, (5.2)
but satisfies the limiting boundary condition
aB/ay = 0 on the free surface (5.3)

—_—
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instead of the usual free-surface condition (2.1). E(x, y) is just one of the solu-
tions of the limiting boundary-value problem defined by (5.1)-(5.3); evidently
there are infinitely many other solutions (with finite velocity at infinity), which
differ from B(z,y) by arbitrary additive constants. The theoretical calculation
given above shows that the particular solution B(x,y) which we require is
uniquely defined as having an expansion of the form (4.4). Since

P, y)—nlz|/2h—>0 and F,,—

as || - o0 we may describe B(z, y) as being that solution of the limiting boundary-
value problem which satisfies B (x,y)—|z|/h—0 as || > o0.

We also observe that for both finite and infinite depth the quotient (¢)/loa
tends to infinity when the wavelength tends to infinity, and that for finite
depth it is ultimately in quadrature with the acceleration of the cylinder whereas
for infinite depth it is ultimately in phase. It is now not difficult to see how errors
may arise in the numerical calculation of Re (¢) for finite depth. Let us suppose,
for instance, that we solve the problem in the most direct way, by determining
the complex-valued constants A4,,, from (2.7). Then ¢/loa is given by (3.11),
and the difficulty arises from the last term —i9(f on the right-hand side, which
contributes {f>Im % to the quantity Re {(¢)/loa appearing in the virtual-mass
coefficient. Since (f) tends to infinity when the wavelength tends to infinity,
we see that a small error in Im % may cause a significant error in the virtual-mass
coefficient. In our method, on the other hand, the quantity Re{¢)/loa is given
by (3.14), and all the terms in this expression remain bounded when the wave-
length tends to infinity. In particular, the quantity {f) now oceurs in the com-
bination E{f), which remains bounded.

The present calculation uses an expansion in terms of multipole potentials
at the origin, and is concerned with the half-immersed circular cylinder. Similar
arguments may be expected to apply to integral equations and therefore to
arbitrary cross-sections.

Appendix. Long-wave limits of source and multipole potentials
The real part of the source potential is, by definition [Y, equations (2.8)-(2.13)],
® cosh k(h —y) cos kxdk

F@&9) = f | Reosh - ksmh Fh
_ ][ , €0S kx e+ ® e*”‘ Ksmh ky — kcosh ky) cos kxdk
B —k ) (K cosh kh — k sinh kh)
= (y+log Kr) §] (= S‘ cos30 (A1)
s=0 .
-0 §] ( ‘T) sin s0 — E (= Lry (1+ +.. +1) cos s
s=1 =1 8!
1 (A2
+Kks§0mG%+I(Kk) (k) CcOos (28+ 1)0

-3 (;EG%H(]{M (E) cos 230, (A 3)

8=0
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Figurg 1. The contour of integration C.

where, by definition,

‘ @ u2stle=t gy
Gos1(V) = fo (V —u)(V coshu —usinhu)’ (A4

We shall examine the behaviour of Gy, (V) when V — 0, and shall then be
able to infer the behaviour of F(x,y) when K-> 0. Consider the integral
1 u®tle=t (logu—mi)du
2mt ) o (w— V) (usinhu— V coshu)

(A 5)

along a contour C' which will be specified in a moment. We observe that the inte-
grand in (A 5) has a logarithmic branch point at v = 0, and that near u = 0 it
haspolesat 4 = Vand at w = + v, where v, is the positive root of vytanh v, = V.
Let the contour of integration C be taken as in figure 1. A cut is made from « = 0
touw = +o0 along the real u axis. For positive v we easily see that logu—¢ is
equal to log [u| — 7 along the upper side of the cut, but equal to log |u| + i
along the lower side of the cut; for negative u the value of logu—7 is log |u|
on both the upper and the lower part of the contour. It is then not difficult to
see that

u2stle—udy
2mf f (u— V) (usinhu— V cosh u)
1 (vesidue at u = vy) + } (residue at u = V) + (residue at w = vye™)

+ 1 (residue at u = vy¢>™) + } (residue at w = Ve27), (A 6)

where the residue terms come from the indentations at the poles. It is found that
the residue terms from u = v,, v,¢"¢ and v,e2™ add up to zero, and that the
residue terms from « = V and Ve?"? add up to — V2log V. Thus

utle—vdy 2
27nf f (u—"V) usinhu—Vcoshu)_V log ¥,

le. Gy a(V) = ———f + V*log V. (A7)
We now show, by deforming the contour C, that
1
5t ),

has a series expansion in powers of V. Let the contour C' be deformed into the
contour €| shown in figure 2, where % < 37 is some fixed positive constant. By

Cauchy’s theorem, f f It is not difficult to see that |u tanh u| and |u| have

positive lower bounds on €, thus there is a number m(y) > 0 such that
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lul=17

VA

Ficure 2. The contour C,.

|utanhu| > m(y) and |u| > m(y). Choose V such that |V| < m(y); then the
integrand can be expanded in powers of V:

ue U _ ) -——1 mito
(w— V) (usinhu—V cosh u) 7720 s (cothmtly —1).

It follows that

1 o
=1 = 2 V"I@2s—m—1,m+1),
2mJ) e, m=o ( )

where by definition
0+
I(M,N) = 2_71n f uM (log u— 71i) (coth¥ o — 1) du. (A 8)

(The contour of integration in (A 8) is C) or any equivalent contour.) Thus,

finally, 1
Grua(V) = o f + 7o,

ie. Gooir(V) = VBlog V4 3 VRI@s—m—1,m+1). (A 9)
m=0

This is the required expansion for Gy, (V). Let this be substituted in (A 1)-
(A 3). The terms (A 2) and (A 3) are of the form

K'Y —(kmytog K (7)) cos (254 1)0
s§0(2s+1)1( )% log (E) cos (25 +1)
- § *_1'— (Kh)®log Kk (1)2scos 2s6
=0 (28)! h
§ L I(2s—1,1 (1)28 256+ O(Kh)
A ) (2s—1,1) ) cos2s0+
= —log Kh § (_Slfr)scossﬁ, (A 10)
§=0 .
it 1 r 2s
_y 1 _ r | 1
SEO (28)!1(28 1,1)(h) cos 250 4 O(Kh) (A 11)

When the term (A 10) is combined with (A 1), all terms involving log K dis-
appear, and we find that

(A1)+(A 10) = (7+log%) § (_fr)scossﬁ
§=0 .

=y +logr/h+ O(Kh).
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Thus F(z,y) = F(x,y)+ O(Kh),
@ 1 r\2s
where P,y =7+ log A sZo sl I(2s—1,1) (Z) cos 2s6.

It only remains to find the coefficients

0+
I(2s—1,1)=—1——. u?~1 (log 4 —m2) (cothu— 1) du
2m J

1 [0+ gy2-1lg—u .
= %f b (log w — i) du.

For this purpose, let us take v to be real and strietly positive, and consider the

integral 1 [0+ (ue "y e 1 0+ (we ™) dw
S0) = 2mi)» sinhu “= 2”+17n'f ev—1 ° (A 12)
where w = 2u. From Erdélyi (1953, p. 32, equation (9)) we see that
sinmy ['(v +1
sy =BT D g 1) (A 13)
1 &v+1)
VR (A 14)
where {(s) = 30] mi

is the Riemann zeta-function. By analytlc continuation these relations hold
throughout the complex v plane. By differentiating with respect to v we find that

1 [0+ (we iy (log u—mi) e~ *du

S = 271 ) o sinhu ’
whence I(2s—1,1) = — #'(2s—1)
0 [simm (v +1)
B
0 11
= +E}[—‘F( )2V§( +1):|,,:2S_1' (A 16)
When s = 1,2,3,..., we use (A 15) and find that

I(2s—1,1) = ggfsl)g(zs):@;z 1) £2s) when s=1,23,..

When s = 0, we use (A 16) and find that
—I{—1,1) = —21"(1){(0) + 2¢(0) log 2 — 2¢'(0)
= —vy—log2+log2m
=logm—v,
since {(0) = —§ and {'(0) = —}log 27 (Erdélyi 1953, p. 34, equation (18)). It

follows from (A 11) that R

F(, ) F(x,y)+O0(Kh),
1
18

where F’(x,y) 100' Z ( ) £(2s) cos 2s0. (A 17)
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The series in (A 17) can be summed explicitly since the right side of (A 17) is
the real part of

o A%
tog -+ 3 tog 1 (%)
m(y+2

= z) - o0
= log (2 sin 2h) log (2 sin ——=—= 5 ) where 7 = re®,

Thus F(z,y) = log 2sin7iy2il;z—x) = Llog|4sin ﬂ(y2-;m) sin 71(3/22170) ,
. 5 V4
ie. F(x,y) = %log{ (cosh—h——cos hy)}

This is the limit of the source potential, with the correct additive constant.
To find the corresponding long-wave behaviour of the real part F,,(z, y) of the
multipole potential, we may use the expansion

cos 2nt9+ K cos(2n—1)0

F2n(x) y) = y2n on—1 ren—1
Kh @ 1 7\ 25+1
+ (2n— 1)1 h2n s§0 (25 + 1), v¢2n+2s_1(Kh) (z) cos (2s + 1) [
. 1 @ 1 j Kh r\2s 9 0
(2n_1)!h2n s§0 (28)‘ 2n+23—1( ) E COSs 28U,
[+ TV)ustlemvdu
where SV _7[ o Vcoshu—usinhu

= V2G2s+1(V) - G2s+3( V)' (A 18)

(It follows from (A 9) that %,.,(V) can be expanded in a power series in V.)
Or we may observe more simply that

. 1 02 K 0 2n~2F
Foplz,y) = @) (8__212— ) (@) (x,y),

whence it follows that

1 0 2n
s> Pt = gy () Pl
i.e.
_cos2nf 2 ® (2n+2s—1)!(i)23
FZn(x,y)— o +(2n—1) (2h) g 251 % £(2n + 2s) cos 2s0.

(A 19)
More precisely, F,, (v,y) = R (x,y)+O(Kh).
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